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VEECH GROUPS WITHOUT PARABOLIC ELEMENTS 


PASCAL HUBERT, ERWAN LANNEAU 


Abstract. We prove that a translation surface which has two transverse parabolic elements has 
totally real trace field. As a corollary, non trivial Veech groups which have no parabolic elements do 
exist. 

The proof follows Veech’s viewpoint on Thurston’s construction of pseudo-Anosov diffeomor- 
phisms. 


1. Introduction 

For a long time, it has been known that the ergodic properties of linear flows on a translation 
surface are strongly related to the behavior of its SL 2 (R)-orbit in the moduli space of holomorphic one 
forms (see IMaTaj . IZol for surveys of the literature on this subject). The SL 2 (K)-orbit of a translation 
surface is called its Teichmiiller disc. Its stabilizer under the action of SL 2 (K) is a Fuchsian group 
called the Veech group. 

In 1989, Veech proved that a translation surface whose stabilizer is a lattice has optimal dynam¬ 
ical properties: the directional flows are periodic or uniquely ergodic (see |Ve2| L Since then, much 
effort has gone into the study of the geometry of Teichmiiller discs ( [Ve3l . Vo], |Wal ). Hubert and 
Schmidt [HuSclllHuSc2| found the first examples of infinitely generated Veech groups. Just after that, 
McMullen IMcl| IMc2j proved that, in genus 2, the existence of a pseudo-Anosov diffeomorphism in 
the affine group implies that the Veech group is a Fuchsian group of the first kind (which means that 
either it is a lattice or it is infinitely generated; moreover McMullen proved that both cases occur). See 
also I Cal for related results. McMullen’s proof uses the existence of infinitely many parabolic elements. 
By contrast, we will give examples with a very different behavior in genus g > 3. 

The trace field is a natural invariant of the Veech group. Thurston proved that the trace of the 
derivative of any pseudo-Anosov diffeomorphisms is an algebraic integer over Q with degree less that 
the dimension of the Teichmiiller space divided by 2 (see EH, p. 427). In |GuJu| it was shown that a 
translation surface is a covering of the torus ramified over one point if and only if its trace field equals 
to Q. Kenyon and Smillie IKeSml gave a simple criterion ensuring this property: if the Veech group 
of a translation surface contains a hyperbolic element whose trace belongs to Q, then this group is 
commensurable to SL 2 (Z). In fact they showed that the trace field is generated by the trace of the 
derivative of any pseudo-Anosov diffeomorphisms. Moreover, if K is the trace field of ( X , u) then the 
Veech group is commensurable to a subgroup of SL 2 (Ok) where Ok is the ring of integers of K. 

An interesting problem is to determine which Fuchsian group can occur as affine group of some 
surface. Up to now, there are no general methods to compute a Veech group. To date there are 
two methods to produce pseudo-Anosov diffeomorphisms in the coordinates of the flat surface. In the 
first one, due to Thurston, a pseudo-Anosov diffeomorphism is obtained as a product of two parabolic 
elements (see ELH, EH, |Ve2j| b Veech computed the first non trivial examples of affine groups 
by making calculations with a pair of parabolic elements (see IVe2l ). Independently, a very general 
construction of pseudo-Anosov diffeomorphisms was discovered by Veech s It is based on the 
Rauzy induction of interval exchange transformations (see also jArYol for specific examples of such 
pseudo-Anosov diffeomorphisms, for any genus g > 3). A simple consequence of our result is that some 
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pseudo-Anosov diffeomorphisms are not given by Thurston’s construction (see ILel for another proof). 
In fact, we prove a stronger result: 

Theorem 1.1. Let (X,ui) be a translation surface. Let us assume that the Veech group SL(X,u) 
contains two transverse parabolic elements . Then the trace field 

Q[Troce(A) , AgSL(X,uj)] 


is totally real. 

When a pseudo-Anosov diffeomorphism (f> acts linearly on a translation surface by the diagonal 
matrix Dcf> = ] (with A -1 < 1 < A), its expansion factor is A(</>) = A (and 1/A is the contraction 

factor). 

From Theorem o we draw the following results. 

Theorem 1.2. Let (X,u>) be a translation surface endowed with a pseudo-Anosov diffeomorphism <f> 
with expansion factor A. Let us assume that the field Q[A + A -1 ] is not totally real. Then SL(X,oj) 
does not contain any parabolic elements. 

Arnoux and Yoccoz IArYo| discovered a family <f> n , n > 3 of pseudo-Anosov diffeomorphisms with 
expansion factor A ra = A (<j> n ) the Pisot root of the irreducible polynomial P n with 

P n {X) =X n - X n ~ x - X-l. 

The pseudo-Anosov <f> n acts linearly on a genus n surface (the corresponding Abelian differential having 
two zeroes of order n — 1). 

Corollary 1.3. The Teichmiiller disc stabilized by the Arnoux-Yoccoz pseudo-Anosov 4> n , n> 3 does 
not contain any parabolic direction. 

Therefore, for any genus g > 3, there exists a genus g translation surface such that its Veech group has 
(at least) one hyperbolic element and no parabolic elements. 

Corollary 1.4. The trace field of any Veech surface is totally real. 

Remark 1.1. Moller proved Corollarv ll .41 bv very different methods (see [Mdj V 

Corollary 1.5. There exists a Veech group which is commensurable to a Fuchsian group which only 
contains hyperbolic elements. 

Acknowledgments. We thank John Hubbard for explaining to us Thurston’s construction. We 
also thank Chris Judge, Howard Masur, Curt McMullen, Thomas Schmidt, Anton Zorich and the 
anonymous referees for helpful comments on preliminary versions of this paper. 

This work was done when the first author visited the second at the Max-Planck-Institute fur Math- 
ematik in Bonn. We thank the Institute for excellent working conditions. 

2. Background 

In order to establish notations and preparatory material, we review basic notions concerning trans¬ 
lation surfaces, affine automorphisms groups and trace fields. We will end this section by recalling 
Veech’s viewpoint on Thurston’s construction. See say |KeSm| . |Ma,Ta,| . jMcfllM^ . [Th], (Ml for 
more details; See also for recent related developments. For a general reference on 

Fuchsian groups, see IKal . 


lr The surface ( X , co) is then called a prelattice surface irnrni or a “bouillabaisse surface” in honor of John Hubbard’s 


Lecture at the CIRM in July 2003. 
















VEECH GROUPS WITHOUT PARABOLIC ELEMENTS 


3 


2.1. Translation surfaces and affine diffeomorphisms groups. A translation surface is a (real) 
genus g surface with an atlas such that all transition functions are translations. As usual, we consider 
maximal atlases. These surfaces are precisely those given by a Riemann surface X and a holomor- 
phic (non-null) one form u £ fi(X); see jMaTaj for a general reference on translation surfaces and 
holomorphic one forms. 

We denote by X' the surface that arises from X by deleting the zeroes of the form wonl. The 
translation structure defines on X' a Riemannian structure; we therefore have notions of geodesic, 
length, angle, flow, measure... Orbits of the directional flows meeting singularities are called separa- 
trices. Orbits of the flow going from a singularity to another one (possibly the same) are called saddle 
connections. 

Given any matrix A £ SL 2 (R), we can post-compose the coordinate functions of the charts of (X,u>) 
by A. One easily checks that this gives a new translation surface, denoted by A ■ (X, u>). We therefore 
get an SL 2 (K.)-action on these translation surfaces. 

An affine diffeomorphism f : X —» X is a homeomorphism of X such that / restricts to a diffeo- 
morphism on X' of constant derivative, ft is equivalent to say that / restricts to an isomorphism of X' 
which preserves the induced affine structure given by w. Usually, one denotes by Aff(X, u>) the group 
of orientation preserving affine diffeomorphisms. The function which takes an affine diffeomorphism 
/ to its derivative Df gives a homomorphism from Aff(X, u>) into SL 2 (M). The image of Aff(X, co) is 
the Veech group SL(X, ui) of the surface (X, ui) - this is a discrete subgroup and, when X has genus 
greater than one, the kernel of the homomorphism is finite. 

One easily checks that the Veech group SL(X, ui) is the SL 2 (R.)-stabilizer of (X,u>). Thus, for any 
matrix A £ SL 2 (R), the Veech group of (X, u>) and A ■ (X, w) = ( Y , a) are conjugate in SL 2 (R): 

SL(y, a) = A ■ SL(X, ui) ■ A -1 


2.2. Classification of affine diffeomorphisms. There is a standard classification of the elements 
of SL 2 (R) into three types: elliptic, parabolic and hyperbolic. This induces a classification of affine 
diffeomorphisms. 

An affine diffeomorphism is respectively parabolic, elliptic or pseudo-Anosov if respectively |trace(Z?/)| 
2, |trace(D/)| < 2 or |trace(D/)| > 2. 

Remark 2.1. If an elliptic element belongs to a Fuchsian group, its order is finite. 

Remark 2.2. In a Fuchsian group, a parabolic direction (invariant direction of a parabolic element) 
is never fixed by a hyperbolic element. More precisely, if a hyperbolic element H fixes a parabolic 
direction of a parabolic element P then one can easily check that H n PH~ n converges to Id as n tends 
to +oo (or — oo), which is impossible in a discrete group. 

2.3. Cylinders decomposition and parabolic element. A cylinder on (X, ui) is a maximal con¬ 
nected set of homotopic simple closed geodesics. If the genus of X is greater than one then every 
cylinder is bounded by saddle connections. A cylinder has a width (or circumference) x and a height 
y. The modulus of a cylinder is p = y/x. Veech |Ve2| proved the following: 

Proposition (Veech). If a translation surface (X, ui) has a parabolic affine diffeomorphism f, then 
there is a decomposition of X into metric cylinders parallel to the fixed direction of Df. Furthermore, 
the moduli of the cylinders are commensurable (have rational ratios). 

Remark 2.3. In the above proposition, up to take a power of the affine diffeomorphism, we can assume 
that / acts as a power of the affine Delm twist on each cylinder. Therefore the boundary of each 
cylinder is fixed by /. 

Conversely, a cylinder decomposition into cylinders of commensurable moduli produces parabolic 
elements. Namely, the following holds: 
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Proposition (Veech). //( X,uj) has a decomposition into metric cylinders for the horizontal direction, 
with commensurable moduli, then the Veech group SL(X , ui) contains 


Df = 


1 

0 


c 

1 


where c is the least common multiple of the inverse of the moduli. 


2.4. Trace fields. In this section we recall some general properties of the trace field of a group; 
see jGu.Tuj . jKeSmj . j.Mr ll I\~fc2-. 

The trace field of a group T C SL 2 (R) is the subfield of R generated by tr(A), 4eT. One defines 
the trace field of a flat surface (X,ui) to be the trace field of its Veech group SL(A, ui) C SL 2 (R). 

Let ( X , w) be a genus g translation surface. Then the following holds: 

Theorem A. (Kenyon, Smillie). The trace field of (X,u>) has degree at most g over Q. 

Assume that the affine diffeomorphisms group of (X,u>) contains a pseudo-Anosov element f with 
expansion factor A. Then the trace field of (X,w) is Q[A + A -1 ]. 

One defines the holonomy vectors to be the integrals of to along the saddle connections. Let us 
denote A = A(w) the subgroup of R 2 generated by holonomy vectors 



Let ei,e 2 € A be non-parallel vectors in R 2 . One defines the holonomy field k to be the smallest 
subfield of R such that every element of A can be written aei + &e 2 with a,b € k. 

Theorem B. (Kenyon, Smillie) The trace field of (X,ui) coincides with k. The space A (g> Q C C is 
a 2-dimensional vector space over k. 

See also IHiijiil for a different approach of these notions. Note that these results have been reproved 
in IMcT , Mc2 . 

Pisot numbers. An algebraic integer (3 is a Pisot number if (3 £ R, (3 > 1 and all of its conjugates 
belong to the unit disc D = {z G C, \z\ < 1}. 

2.5. Veech’s viewpoint on Thurston’s construction. Let us recall the Thurston construction he 
We will follow the notations of the paper of Veech IVe2l . section §9. 

Let (Y, a) be a translation surface with vertical and horizontal parabolic directions. Up to taking 
a power of the parabolic elements, one can assume that the corresponding parabolic P v (resp Ph) is a 
multiple of the Dehn twist of each vertical (resp horizontal) cylinder (see Remark 12..HU . 

In these coordinates our two parabolic elements are 

«■=())) “" d 
Without loss of the generality, we may assume that c and d are positive real numbers. 

Claim 2.1. Let t = cd > 0; then the trace field of SL(Y , a) is Q[t]. 

Proof of Claim 12.11 The matrix PhP v has trace 2 + t > 2, thus this is a hyperbolic element and, 
following IKeSml (see section m Theorem A), the trace field of SL(V, a) is Q[t]. So the claim is 
proven. □ 


Let us denote by Hi, 1 < i < r and V), 1 < j < s the horizontal and vertical cylinders. Let us 
denote the width and heights of Hi and Vj respectively by ( Xi,yt ) and We insist that the first 

coordinate is the width and the second one is the height even for vertical cylinders. 

With these notations, let E be the r x s integer matrix whose entry Ej j is the number of rectangles 
(fj x yf) in the intersection Hi D Vj. All of these rectangles have width yj and heights In other 
words, Eij is the intersection number of the core curves of the cylinders Hi and Vj. 
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Let us introduce the following notations of linear algebra: ~z? = (xi ,..., x r ), ~y = ( 3/1 , ■ ■ ■, y r ), 
£ = (£1 ,•■•,£«) and 77 = ( 771 ,..., 77 s). Then one can summarize the above discussion by the matrix 
relations: 


(1) 


~x = E £ 
Tf = t E'y 


The moduli of the vertical cylinder Vj (resp horizontal cylinder Hi) is commensurable with d (resp 
with c). More precisely, there exist integers rrii, 1 < i < r, and rij, 1 < j < s, such that 


( 2 ) 


rriiXi = cyi 

n jVj = d£j 


Let us denote by D m = Diag(mi,..., m r ) and D n = Diag( 7 ii,..., n s ) the diagonal matrices. Then the 
above equation © becomes: 


(3) 


f D m ~x = cy 
l D n lf = df 


From equations m and 0 one gets the following new one: 


( ED n lf = die 
{ t ED m x = erf 


and therefore we deduce: 

(4) 


f EDnEDmlx = cdlx 
\ t ED m ED n Tf = cdlf 


Now, in order to follow Veech’s notations, let us introduce the two matrices F n = ED n and F m = 
t ED m . As remarked in IVe2l . the matrices F n F m and F m F n have a power with positive entries (see 
llliiI,cl Appendix C for a proof). The vector Hf is a non negative eigenvector of the Perron-Frobenius 
matrix F n F m , therefore t = cd > 0 is the unique Perron-Frobenius eigenvalue of F n F m (the same is 
true for the Perron-Frobenius matrix F m F n ). Thus, up to renormalization of the area of the surface, 
the coordinates of x and 77 belong to Q[t] (see section HOI Theorem B). 


Now we have all necessary tools to prove the announced results. 

3. Proofs 

We first prove Theorem Ol assuming Theorem o 

Proof of Theorem m Let us assume that there is a parabolic element P in SL(X, w). Let us denote 
by H the derivative of the pseudo-Anosov </>. Then the conjugate HPH -1 is another parabolic element 
in SL(X, ui). Let x € <9H be the fixed point of P. Thus, H[x) is a fixed point of HPH -1 . But by 
Remark 12.21 H{x) ^ x, then HPH -1 £ SL(A', u) is certainly a parabolic element transverse to the 
parabolic P. Therefore Theorem o applies. □ 

Proof of Theorem M.il Let us assume that the surface (X. u>) has two transverse parabolic elements. 
By a standard argument, one can find a matrix A £ SL 2 (K) which sends the two invariant directions 
of our parabolic elements into horizontal and vertical direction. The Veech group 

SL(P, a) = A - SL(A”, u) ■ A -1 

possesses the same trace field as SL(A”, to). 

Now up to taking a power of the parabolic element, one can assume that they are a multiple of the 
Dehn twist on each vertical (resp horizontal) cylinder (see Remark 12.311 . Thus one can apply Veech’s 
viewpoint on Thurston’s construction, section 12.51 In particular we follow the notations introduced in 
that section. 

Recall that the trace field of SL(Y,a:) is Q[f] (see Claim 12.Ill . Now let us prove that Q[t] is totally 
real. 
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Let a be an embedding of Q[t] into C and t' = a{t) £ C be a conjugate of t. Applying a to the first 
part of equation F n F m x = t x and recalling that F n F m is an integer matrix , one gets 

(5) F n F m a(fx) = t'a{~x) 

Now, let us denote by = Diag(^/mi,..., ^/m r ) and D^ = Diag( v /nT, ■ • ■, y/nf) the diagonal 

matrices. Then 


F n F m — EDnEDm — ED^ D^fE 


t {FD^) 


Let us set A = ED Substituting this into the last equation, yields: 


F n F m — A t AD^ i D^ i 


Letting M = D^ A, it becomes: 

( 6 ) F n F m = D^L-Dy^ A t AD^D^ K = 

= D ^ D v^ A t ( D v^ A ) D V^ = 


= D~}—M t M D 

\/m 


Now equation © and the fact that a(~x) 0 imply that t' is an eigenvalue of F n F m . But by 

equation ®, the two matrices F n F m and M t M are similar, they thus have the same eigenvalues. But 
M t M is symmetric, thus all of its eigenvalues are real, and so t' £ R. 

Finally the trace field Q[f] of (Y,a), and that of (X, w), is totally real. Theorem 1 1.1 1 is proved. □ 


Proof of Corollarv M.A Let n > 3 be any odd integer. We denote by ( X n ,u n ) a flat surface in the 
Teichnriiller disc stabilized by the Arnoux-Yoccoz pseudo-Anosov 4> n . By Theorem A (see section l2~~Hi . 
the trace field of ( X n ,co n ) is Q[A ra + A" 1 ]. 

Claim 3.1. The polynomial X n — X n — • • • — 1 has 2 real roots if n is even and 1 if n is odd. 

Proof of the Claim. Following i \ i Vn we introduce the polynomial 

Q n (X) = ( X n - I"- 1 - 1)(X - 1) = X n+1 - 2X n + 1 

One can directly check, by calculating Q’ n , that Q n {X) has 2 real roots if n is odd and 3 if n is even. 
This proves the claim. □ 


Above Claim ITTI asserts that Q[A„] is not totally real. Recall that A„ is a Pisot number (see lArYol ). 
Applying next Lemma HOI we get that Q[A n + A” 1 ] is not totally real. 

Thus Corollary 11.31 follows from Theorem rr~2i □ 


Lemma 3.2. Let /3 be any Pisot number. Let us assume that Q[/3] is not totally real. Then the field 
Q[/3 +/d^ 1 ] is not totally real. 

Proof of Lemma Vi.‘A Let 5 be a conjugate of (3 which is not real. Galois theory ensures that there is 
a field homomorphism x ’■ Q[/?] —► Q[<5]- The complex number x(P + /3 _1 ) = 5 + (5 -1 is a conjugate of 
(3 + fj- 1 . It is enough to show that 6 + (5 -1 is not real to prove that Q[/3 + /? -1 ] is not totally real. 
Writing (5 = pe xe (with sin(0) ^ 0), we have $sm(S + (5 _1 ) = (p — p _1 ) sin(0). As f3 is a Pisot number, 
p = |(5| < 1. Therefore <5 + <5 -1 is not real. So Lem ma id. 21 is proven. □ 

Proof of Corollary \1.4\ On a Veech surface, the direction of every saddle connection is a parabolic 
direction. There are thus at least two transverse parabolic elements in the Veech group and Theorem ll.il 
applies. □ 

Proof of Corolla.rv i 1.5 1 Let (X, lo) be any genus g > 3 translation surface whose Veech group only 
contains hyperbolic and elliptic elements. Any elliptic element in SL(X, u>) is conjugate in SL 2 (R) to a 
rotation. As a rotation preserves the underlying complex structure of the Riemann surface A', it is an 
automorphism of a genus g Riemann surface. Therefore, by a Theorem of Hurwitz, the order of any 
elliptic element belonging to SL(X, u) is bounded by 84(g — 1), see say IPaKrl §5 p.242. 

Now we recall a Theorem of Purzitsky on Fuchsian groups (see E3 Theorem 7 p.241): 
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Theorem (Purzitsky). Let T be a Fuchsian group. Then T contains a finite index subgroup without 
elliptic elements if and only if there exists a constant N such that the order of any elliptic element of 
r is less than N. 

Now recalling that any elliptic element belonging to a Fuchsian group has finite order (see Re¬ 
mark mi) . Corollary II.51 follows from Purzitsky’s Theorem taking T = SL(X, u>). □ 
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